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ON TYCHONOFF-TYPE HYPERTOPOLOGIES 
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Abstract. In 1975, M. M. Choban [g| introduced a new topology on 
the set of all closed subsets of a topological space, similar to the Ty- 
chonoff topology but weaker than it. In 1998, G. Dimov and D. Vakarelov 
1^) used a generalized version of this new topology, calling it Tychonoff- 
type topology. The present paper is devoted to a detailed study of 
Tychonoff-type topologies on an arbitrary family M of subsets of a 
set X. When M contains all singletons, a description of all Tychonoff- 
type topologies O on M is given. The continuous maps of a special form 
between spaces of the type (M, O) are described in an isomorphism the- 
orem. The problem of commutability between hyperspaces and subspaces 
with respect to a Tychonoff-type topology is investigated as well. Some 
topological properties of the hyperspaces (A4,0) with Tychonoff-type 
topologies O are briefly discussed. 



1. Introduction 

In 1975, M. M. Choban || introduced a new topology on the set of all 
closed subsets of a topological space for obtaining a generalization of the 
famous Kolmogoroff Theorem on operations on sets. This new topology is 
similar to the Tychonoff topology (known also as upper Vietoris topology, or 
upper semi-finite topology (fl3[|), or kappa-topology) but is weaker than it. In 
1998, G. Dimov and D. Vakarelov ||] used a generalized version of this new 
topology for proving an isomorphism theorem for the category of all Tarski 
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consequence systems. This generalized version was called Tychonoff-type 
topology. 

The present paper is devoted to a detailed study of Tychonoff-type topolo- 
gies on an arbitrary family KA of subsets of a set X. When A4 is a natural 
family, i.e. it contains all singletons, a description of all Tychonoff-type 
topologies O on A4 is given (see Proposition [2.32 ). For doing this, the no- 



tion of T-space is introduced. The natural morphisms for T-spaces are not 
enough to describe all continuous maps between spaces of the type (M, O), 
where A4 is a natural family and O is a Tychonoff-type topology on it; we 
obtain a characterization of those continuous maps which correspond to the 
morphisms between T-spaces. This is done by defining suitable categories 



and by proving that these categories are isomorphic (see Theorem 2.37 ). In 
such a way we extend to any natural family Ad on X the corresponding 
result obtained in |^] for the family !Fin(X) of all finite subsets of X. We 
investigate also the problem of commutability between hyperspaces and sub- 
spaces with respect to a Tychonoff-type topology, i.e. when the hyperspace 
of any subspace A of a topological space Y is canonically representable as 
a subspace of the hyperspace of Y. Such investigations were done previ- 



ously by H.-J. Schmidt 14] for the lower Vietoris topology, by G. Dimov 
[f|, j(| for the Tychonoff topology and for the Vietoris topology, and by B. 
Karaivanov [12| for other hypertopologies. We study also such a problem for 
a fixed subspace A of Y. Some results of [[?], ||, |l5| are generalized. Finally, 
we study briefly some topological properties (separation axioms, compact- 
ness, weight, density, isolated points, Poo) of the hyperspaces (A4,0) with 
Tychonoff-type topologies O. Some results of ||] are generalized. 
Let us fix the notations. 

Notations 1.1. We denote by u the set of all positive natural numbers, by 
1R — the real line, and by Z — the set of all integers. We put N = wU {0}. 

Let X be a set. We denote by V(X) the set of all subsets of X. Let 
A4,A C V(X) and A C X. We will use the following notations: 

• A+ M := {M G M : M C A}; 

• Afo := {A + M : A G .4}; 

• Tin(X) := {M C X : \M\ < N }; 

• Tin n {X) := {M C X : \M\ < n}, where n G uj. 

We will denote by A n (respectively by ^4 U ) the closure under finite intersec- 
tions (unions) of the family A. In other words, 

• A n := {flLi Ai : k e uj,At £ A} and 

Let {X, T) be a topological space. We put 

• CL(X) := {M C X : M is closed in X, M ^ 0} and 

• Comp(X) := {M C X : M is compact}. 

The closure of a subset A of X in (X, T) will be denoted by clxA or A ; 
as usual, for U C A C X, we put 
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• Ex A ,xU :=X\cl x (A\U). 
By a base of (X, 7") we will always mean an open base. The weight (resp., 
the density) of (X,T) will be denoted by w(X,T) (resp., d(X,T)). 

If C denotes a category, we write X £ \C\ if X is an object of the category 

C. 

For all undefined here notions and notations, see || and [11]. 

2. HYPERTOPOLOGIES OF TYCHONOFF-TYPE 

Fact 2.1. Let X be a set and M,A C P(X). Then: 

(a) n^ = (n^)ii; 

(b) ACS implies that A^, C for all i.BCX. 



Definition 2.2. Let (X, T) be a topological space and let M. C ^(X). The 
topology Or on .M, having as a base the family T^, will be called Tychonoff 
topology on M. generated by (X,T). When M. = CL(X), then Or is just 
the classical Tychonoff topology on CL(X). 

Let X be a set and M. C V(X). A topology on .M is called a Tychonoff 
topology on M. if there exists a topology T on X such that is a base of 
0. 



Definition 2.3. Let X be a set and M C P(X). A topology on the set 
A4 is called a topology of Tychonoff -type on M. if the family O n P(X)J^ is 
a base for C 

Clearly, a Tychonoff topology on A4 is always a topology of Tychonoff- 
type on M , but not viceversa (see Example |2.42| ) . 

Fact 2.4. Let X be a set, M C P(X) and O be a topology of Tychonoff- 
type on M.. Then the family Bq := {A C X : A^, € 0} is closed under 
finite intersections, X G So, and, hence, Bq is a base for a topology 7© on 
X. The family (Bo)J^ is a base of 0. 

Definition 2.5. Let X be a set, hA C P(X) and O be a topology of 
Tychonoff- type on A'l. We will say that the topology Tq on X, introduced 



in Fact 2.4, is induced by the topological space (Ai,0). 



Proposition 2.6. Let X be a set and M. C V(X). A topology O on M. is a 
topology of Tychonoff -type if and only if there exists a topology T on X and 
a base B for T (which contains X and is closed under finite intersections) 
such that Bj^ is a base for O. 

Proof. Suppose O is a topology of Tychonoff- type on M.. Then the topology 
Tq induced by the topological space (M, O) (see Fact 2A and Definition 2.5 ) 
and the base Bq have the required property. 

Conversely, suppose T and B are given as in the statement. Then Bj^ is 
a base for O, and therefore also O n V(X)~j^ is a base for O. □ 
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Definition 2.7. Let X be a set and M,B C P(X). When is a base 
for a topology Ob on we will say that 23 generates a topology on M.. 
(Obviously, the topology Ob is of Tychonoff-type. 

Proposition 2.8. Let X be a set, M C P(X) and B C P(X). T/ie /ami/?/ 
,6 generates a topology Ob on M. if and only if the family B satisfies the 
following conditions: 

(MB1) For any M G M there exists a U G B such that M C U; 
(MB2) For any U 1; U 2 e B and any M e M with M CU 1 DU 2 there exists 
aU 3 £ B such that M C U 3 C C/i D £7 2 - 

Proof. It follows from Proposition 1.2.1 ||. □ 

Corollary 2.9. Lei Ika set and M,B<Z V{X). If B = B n and X e B, 

then B generates a Tychonoff-type topology on A4. 

Definition 2.10. Let X be a set and M C We say that X is a 

natural family in X if {x} G for all x G X. 



Corollary 2.11. Lei X be a set and M. be a natural family in X. If B C 



V(X) generates a topology on M. (see Definition 2. r i), then B is a base for 
a topology on X . 

Proof. By Proposition ^T^, ,6 satisfies the conditions (MB1) and (MB2). 
Since A4 is natural, this clearly implies that B satisfies the hypotesis of 
Proposition 1.2.1 B. So B is a base for a topology on X. □ 



Remark 2.12. Trivial examples show that there exist sets X and (non- 
natural) families A4,B C V(X) such that is a base for a topology on M. 
but 

(a) (J S 7^ X, so that 23 cannot serve even as subbase of a topology on 
X (take X = {0, 1}, M = B = {{0}}); 

(b) 23 is not a base of a topology of X, although |J B = X (take X = 
{0,1,2}, M = B = {{0,1}, {0,2}}). 

The example of (b) shows also that if we substitute in [2.11 naturality of M. 
with the condition "|J Ad = X v then we cannot prove that B is a base of a 
topology on X; however, it is easy to show that the condition "(J A4 = X v 
implies that (J B = X, i.e. B can serve as a subbase of a topology on X. 



Of course, as it follows from Fact |2.l| , if Bj^ is a base of a topology O on 
.M, then B = B n U {X} is a base for a topology on X and 23^ is a base of 
O. 



Corollary 2.13. Let (X,T) be a topological space and let 23 C T be a 

base of (X,T), closed under finite unions. Then 23 generates a topology of 
Tychonoff-type on J-in{X) and Comp(X) . 
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Proof. It follows easily from Proposition 2.5. □ 



Proposition 2.14. Let X be a set, M.,B\,B 2 C V{X), and suppose that B\ 
and B 2 generate, respectively, some topologies (of Tychonoff-type) Oq x and 
Ob 2 on M.. Then = 0# 2 if and only if the following conditions are 
satisfied: 

(COl) For any M G M and any U\ G B\ such that M C JJ\ there exists 

U 2 G B 2 with M C [7 2 C Ui; 
(C02) For any M G M. and any U 2 G B 2 such that M C U 2 there exists 

Ut G Bi with M C Ux C C/ 2 . 

Proo/. It follows from 1.2.B |. □ 
Corollary 2.15. Zei (X, T) 6e a topological space and B\, B 2 be bases of 



(X,T), closed under finite unions. Then they generate (see Corollary \2.1$ ) 
equal topologies on FiniX) and Comp(X). In particular, every topology of 
Tychonoff-type on J-in{X) or on Comp(X), generated by a base of (X,T) 
which is closed under finite unions, coincides with the Tychonoff topology 
generated by (X, T) on the corresponding set. 



Proof. Check that conditions (COl) and (C02) of Proposition 2.14 are sat 



isfied. □ 

Corollary 2.16. Let (X,T) be a topological space, M C V{X), B C T, 
and suppose that B generates a topology of Tychonoff-type O on M. Then 
O is the Tychonoff topology on A4 generated by (X, T) if and only if for 
all M G M and for all V G T such that M C V, there exists U G B with 
M C U C V. In this case we will say that B is an M-base for (X,T). 
Clearly, if M. is a natural family, then every M-base of (X, T) is also a 
base of (X, T). 



Proof. Put Bi := T and B 2 := B. Then condition (C02) of Proposition p7l4 
is trivially satisfied. The condition required in the statement is exactly 
condition (COl). □ 

Definition 2.17. Let X be a set, M C V{X) and A C X. A family 
U C V(X) will be called an M-cover of A if A = \ \U and for all M G M 
with MCA there exists some U £W such that M QU. 

Proposition 2.18. Let X be a set and A4,A C V(X). Then the following 
conditions are equivalent: 
(Ul) For all U G A and for all x G U , there exists an M G M with 
x G M QU. 

(U2) For any U G AuM and for any subfamily {Ug : S G A} ofAuM, the 
equality Uj^ = U<5gA (Us)~m holds if and only if the family {Us}s£A 
is an M.- cover of U. 
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Proof. Observe that, trivially, in condition (Ul) we can replace the require- 
ment 'for all £7 G A" with "for all U G A U M" . 

(U1)=KU2). Let £7_+ = \J SeA {U s )Xi, with U,U S € A U M for all 5 G A. 
We will prove first that |J 5gA C/5 = £7. 

Let x G UaeA Us- Then there exists a 5 G A such that x G £7,5. By 
assumption, there exists an M G M. with x E M Q Ug- Hence M G (Us)j^- 
Since £7^, = IJseA (^)Xl' we obtain that M C.U. Thus x G £7. Therefore, 

Conversely, let x G [7. By assumption, there exists an M G M such that 
1 £ M C [/, Hence M G £7^, = IJ^ga (^)jti- Therefore there exists a 
5 G A such that M G i.e. M C C/j and x G £7j C U 5eA ^ 

We have verified that Use a ^ = ^- 

Suppose M <E M. and M C.U. Then M G £7_^ and therefore there exists 
some 7 G A with M G (£7 7 )j^. Hence M C £7 7 . 

This shows that the family {L^jagA is an .M-cover of £7. 

The other implication can be easily proved. (Let's remark that condition 
(Ul) is not used in the proof of this last implication.) 

(U2)=^(U1). Suppose £7 G A and x G £7. Clearly, we have 

u m = \Ji M M -MeM, M c U}. 

Then, by assumption, the family {M G M : M C £7} is an .M-cover of £7. 
Therefore £7 = [\{M : M £ M, M C £7}. Hence there exists anMeM 
with x G M C £7. □ 

Proposition 2.19. Let X be a set and Ai C P(X). T/ien i/ie following 
conditions are equivalent: 

(a) Ai is a natural family; 

(b) For any [/CI and for any subfamily {Us ■ S G A} ofV{X), the 
equality £7^ = U<5ga (P's)m holds if and only if the family {Us}seA 
is an Ai- cover of £7. 

Proof. Put A = V(X) in Proposition □ 



Proposition 2.20. Lei 1 fe a set, Ai C V(X), O be a Tychonoff topology 
on Ai generated by a topology T on X and Ai be a network in the sense of 
Arhanget skii for Tq . Then T = Bo and O is generated by a unique topology 



on X, namely by Tq (see Fact 2-4 for the notation Bo and Tq). 



Proof. We only need to show that Bo Q T . Assume A G Bo- Then A~j^ G O. 
Since T generates O, we have A^ = |J<5eA (Us)mi where Us £ T for all 



8 G A. Clearly £7,5 G Bo for all 5 G A. By Proposition 2.18, we obtain that 



A = U<5eA Us an d therefore A G T . □ 

Remark 2.21. Trivial examples show that there exist sets X, families Ai C 
V(X) and Tychonoff topologies on Ai which are generated by more than 
one topology on X. 
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Corollary 2.22. Let X be a set, Ai C V{X), O be a topology of Tychonoff- 
type on Ai and Ai be a network in the sense of Arhangel' skit for To- Then 
O is a Tychonoff topology on Ai if and only if Bo = To ( see Tact for 
the notations Bo and To )■ 

Proof. Suppose Bo = Tq. Then the topology O is generated by the topology 
To on X and hence, by definition, O is a Tychonoff topology on Ai. 

Suppose O is a Tychonoff topology on Ai. Then O is generated by some 



topology T on X. By Proposition 2,20, we get T = Bo- Hence To = Bo- □ 



Corollary 2.23. Let X be a set, Ai be a natural family in X and O be a 
topology of Tychonoff -type on Ai. Then O is a Tychonoff topology on Ai if 
and only if Bo = Td ■ 

Proof. A natural family Ai satisfies the hypothesis of Corollary 2,22| . □ 



Proposition 2.24. Let (X, T) be a topological space, Ai be a natural family 
in X, B CT and suppose that B generates a topology Oq on Ai. Then 

&O b = {^4 CI:i is Ai-covered by a subfamily of £>}, 



Bo B Q T and B n C Bq„ (see Fact 2.4 for the notation Bo B )- 



Proof. It follows from Proposition 2.19 and Fact 2.4. 



□ 



Proposition 2.25. Let (X,T) be a topological space, Ai be a natural family 
in X, B be a base for (X, T) and suppose that B generates a topology Oq 
on Ai. Let Td b be the topology on X induced by (Ai,Oi3). Then Td b = T. 



C T 0b - Thus T C re- 



Proof. We have, by Proposition 2.24, that B C Bo E 
As it is shown in Proposition 2.24, Bo B Q T and hence Td b Q T. 
T = T 0e . 



o B - 
So, 
□ 



Example 2.26. Let us show that in Proposition 2.25 the requirement ll Ai 
is a natural family" is essential. 

Let X = (0, 1) C M be the open unit interval with the usual topology, 
M = {[a, b] : < a < b < 1}, B = {{a, b) : < a < b < 1}. Then the family 
B satisfies conditions (MB1) and (MB2). Consider the set A = (|, §) U {\}. 
We have Aj^ = (i, | € Bj^ and therefore A € Bo B even though A is not 
open in X. 



Definition 2.27. Let A" be a set and M,W C V(X). We will say that U 
is an Ai-closed family if for all A C X such that A is A4-covered by some 
subfamily of U, we have that AdU. 

Proposition 2.28. Let X be a set and Ai, Ai' , U C V{X), Ai C M' . 
Suppose that U is an Ai-closed family. Then U is an Ai' -closed family too. 
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Proof. Suppose A C X is .M '-covered by some subfamily hi' of U. Since 
M. C. M.' , the set A is also .M-covered by U' . By the hypothesis, U is an 
.M-closed family. Hence A £lA. □ 

Proposition 2.29. Let X be a set, A4 be a natural family in X and O be 
a topology of Tychonoff-type on M.. Then Bq is an M.-closed family (see 
Fact \2.j\ for the notation Bq )■ 



Proof. It follows from Proposition 2.19. □ 



Proposition 2.30. Let (X,T) be a topological space, M be a natural family 
in X and B CT be an A4-closed base of (X,T). Suppose that B generates 



a topology Oq on M.. Then Bq b = B, X G B and B n = B (see Fact 2^4 for 
the notation Bq b )- 

Proof. Obviously, Bq b H B. Let us show that Bq b Q B. 

Let A G Bq b - Then, by Proposition 2.24 , A is .M-covered by some sub- 



family of B and, since B is .M-closed, we conclude that A G B. So, Bq b = B. 



Now Fact 2.4 implies that X £ B and B n = B. □ 



Definition 2.31. Let X be a set and M,B C V{X). The ordered triple 
(X, B, M) will be called a T -space if B is an M-closed family, X G B and 
B n = B. 

Note that if (X, B, M) is a T-space, then B is a base for a topology on 

X. 

Proposition 2.32. Let X be a set and M be a natural family in X. Let 
TTT(X,M) be the set of all topologies of Tychonoff-type on A4. Denote by 
TSp{X, M) the set of all T -spaces of the form (X,B,A4). Then there is 
a bijective correspondence between the sets TTT(X,A4) and TSp(X,ftA). 
Namely, consider the function a : TTT(X,M) — > TSp(X, M), defined by 
a{0) = (X,Bo,M) (see Fact \2.Jl for the notation Bo), and the function 
(3 : TSp(X,M) TTT(X,M), defined by (3 ((X , B , M)) = O b (see Corol- 
lary \2.!\ and Definition \2. % ); then a and (3 are bisections and each one is the 
inverse of the other one. 

Proof. Let us show that the function a is well-defined. Let O € TTT(X, M). 



By Fact 2.4, the family Bq is closed under finite intersections and X G Bo- 



By Proposition |]|§ B a is 7W-closed. Hence (X,B a ,M) G TSp(X,M). 



We will prove now that the function (3 is well defined. Let B C V(X) be 
an M-closed family, closed under finite intersections and such that X £ B. 
Then, by Corollary Ell, Ob is a topology of Tychonoff-type on M. 



Proposition 2.30 gives that Bq b = B, i.e. a o f3 = idjLs p (x,M)- 
To show that (3 o a = id.TTT(x.M)-> ^ O be a topology of Tychonoff-type 
on M.. Then (3{a(0)) = Oq . Since O is a topology of Tychonoff-type, 
{Bo)\\ is a base of O. On the other hand, (Bo)Xi i s > by definition, a base 
of Bo . Hence O = Bo . □ 
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Definition 2.33. We denote by TLT (Hypertopologies of Tychonoff-type) 
the category denned as follows: its objects are all ordered triples (X,M, O) 
where X is a set, M is a natural family in X and O is a topology of 
Tychonoff-type on Ai. To define the morphisms of TLT, let (X,Ai,0), 
(X',M',0') be objects of TLT and / : X — > X' be a function between the 
sets X and X'. We will say that / generates a morphism fjj of TLT between 
(X,M, O) and (X, M', O') if f(M) C Af and the induced function on M, 
f m : (M,0) -> (M',O f ), defined by / m (M) := /(M) (where the M on 
the left-handside is regarded as an element of Ai and the M on the right- 
handside is regarded as a subset of X) is continuous. The morphisms of TLT 
are defined to be all fn generated in this way. 

Remark 2.34. It is easy to see that not any continuous map between spaces 



of the type (Ai,0) appears as some fjj (see Definition [2.33| for the nota- 
tions). Indeed, let (X, T) be a discrete space having more than one point; 
then the constant function c : (CL(X),Ot) — ► (CL(X),Ot), defined by 
c(F) = X for all F G CL(X), is continuous but is not of the type fjj (here 
Ot is the classical Tychonoff topology on CL(X) (see Definition |2.2|)). 



Definition 2.35. We denote by TTL the category defined as follows: its 
objects are all T-spaces (X,B,A4) (see Definition p. 31 ). To define the mor- 



phisms of TTL, let (X,B,M), (X',B',M') be objects of TTL and f : X -> X' 
be a function between the sets X and X'. We will say that / generates a 
morphism f T of TH between (X,B,M) and (X',B',M') if f{M) C M' 
and f^ 1 (B') C B. The morphisms of TTL are defined to be all f T generated 
in this way. 

Lemma 2.36. Let X, X' be sets, M C V(X) and M' C P(X'). Lei 
f : X ^ X' be a function such that f(M) C Af and Ze£ / m : — > Af 6e 
defined by f m (M) := f{M). Then, for all A' C X', we /jai>e 

Proo/. Let M G /- 1 • Then /m(M) 6 (A')£</, i- e - /( M ) ^ 

Since M C /- 1 (f(M)) C f-\A'), w e obtain M G (/~ 1 (A'))^ /( . 

Let M G (/ _1 (A'))^ /( . Then M C and hence f(M) C A'. There- 

fore / m (M) G (A')^, i.e. M G / m x ((A')+ ,). □ 

Theorem 2.37. T/ie categories TLT and TTL are isomorphic. 

Proof. We define a functor F : TLT —> TTL as follows: for all (X, A4, O) G 
\TLT\, we put F((X,A4,0)) := (X,B ,M) (see Fact [2l| for the notation 
£ );for all morphisms f H : (X,M,0) -» (X', X', C), we put := f T 

(see Definitions p. 33 and |2.35| for the notations fu and f T ^ 



We define a functor G : TTL ^ TLT as follows: for all (X,S, AQ G |TW|, 
we put G((X,B,M)) := (X,.M,£>b) (see Definition [T7| for the notation 
B ); for all morphisms / T : {X,B,M) -> (X', AC), we put G(f T ) := f H . 
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Let us check that F and G are well-defined. 



Let O be a topology of Tychonoff-type on Ad. By Proposition 2.32, the 
triple (X,B ,M) is a T-space, so that F(X,M,0) G \TH\. 

Let f H : (X, M, O) -» (X', M', C) be a morphism in HT. Then f(M) C 
.A/f' and the induced function on A4, / m : (A4,0) — *■ (.M', O'), defined by 
f m (M) = f(M), is continuous. To check that 

f T : F(X,M, O) -► F(X', £>') 

(i.e. f T : (X,0e>,.M) — » (X', Bq', M')) is a morphism in TH, we need 
to show that / _1 (Bo') Q Bq- Let B' G B ,. Then (B')jM' G °'- B ^ 



the continuity of f m , we have that f m l ((B')j A ,) G C By Lemma |2.36 



/- 1 ((B0+ ,) = (rHB'))^. Hence (/" 1 ( J B / )) A , G O, i.e. f~ 1 (B') G B c . 
So, we have proved that F is well-defined. Clearly, F is a functor. 

Let now (X,B,M) G |TW|. Then, by Proposition ^32| , the topology O b 
is a Tychonoff-type topology on M. Hence, G((X, 0, .M)) G \HT\. 

Let / T : (X, B, M) -> (X', be a morphism in TH. Then /(.M) C 

and / _1 (B') C B. To check that 

is a morphism in HT, we need to check that the function f m : (A4, Ob) — > 
(A4',Ol3>), defined by f m (M) := f(M), is continuous. By definition (see 
PD , (B')X(' is a base of the topology O b >. Let 5' G B'. Then (5')Xt# € 
(B')jtl'- B y assumption, f~ l {B') G B. Hence (/"H 5 '))^ G 0JB- Since, by 
Lemma p|, (/- 1 ( J B'))+ = / m X ((B')X<')» we obtain that ^ G 



Og. Therefore, the function f m is continuous. So, G is well-defined. Obvi- 
ously, G is a functor. 



By Proposition |2,32| , we have F o G = idq-y. and G o F = id^x on the 
objects. The equalities are clearly true for the morphisms. Hence F and G 
are isomorphisms. □ 

We recall that a topological space (X, T) is called a Poo-space (see [||, ||) 
if T is closed under arbitrary intersections. 

Lemma 2.38. A space (X, T) is a Poo-space if and only it it has a base B 
closed under arbitrary intersections. 

Proof. Assume T has a base B closed under arbitrary intersections. Let 
U C T. Since is an open set, we can assume that {\U ^ 0. Let x G f]U. 
For any U £U, let By £ B be such that x e B v QU. Then 

x G f]{B v :U GW}C p|W 
and, by assumption, P|{-^7 : U G W} G £>. Hence, P|W G T. □ 

Proposition 2.39. Fet (X,.M,£>) G \HT\. The topological space (M,0) 
is a Poo-space if and only if the family Bq is closed under arbitrary inter- 
sections. If (A4,0) is a Poo-space then (X,Tq) is a Poo-space. If O is a 
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Tychonoff topology on Ai, then (Ai, O) is a Poo-space if and only if (X, To) 
is a Poo-space (see Fact |T1 for the notations Bo and To )■ 



Proof. The first two assertions follow from Lemma |2.38| , Fact 2.1(a) and the 
definitions of Bo and Tq. The last assertion follows now from Corollary 2.22. 

□ 



Corollary 2.40. Let TiToo be the full subcategory of TLT having as objects 
all triples (X, Ai,0) € \TiT\ for which the space (Ai,0) is a Poo-space. Let 
TTCoo be the full subcategory ofTTC whose objects are all (X, B, Ai) 6 \T7i\ 
such that the family B is closed under arbitrary intersections. Then TiToo 
and TTLoo o,re isomorphic. 



Proof. It follows from (the proof of) Theorem 2.37 and Proposition 2.39. □ 



Example 2.41. We will show that there exists (X, M, O) <E \HT\ such that 
(X, To) is a Poo-space but (Ai, O) is not a Poo-space. 
Let X = uj, 

B = {{n} : n € to} U {A C uj : \u \ A\ < K } U {0}, 

and V(oj) 3 3 Tini(oS) \ {0}. The family B is a base of the discrete 
topology T on oj, it is closed under finite intersections (but not under infinite 
intersections) and X G B. Let us show that B is .M-closed. 

Let {Bs}s<=a be a subfamily of B \ {0} which is an .M-cover of a subset 
B of X. Without loss of generality, we can assume that there exist at least 
two indices 5\ and 82 such that Bg 1 ^ Bg 2 . Then there is at least one 5 € A 
such that \uj\Bs\ < ^o! otherwise we would have B$ 1 = {n^}, B$ 2 = {ns 2 } 
and the set F = {n^ , n^ 2 }, which belongs to Ai, would be contained in B 
without being contained in B$ for any S € A. Therefore \lo \ B\ < No and, 
hence, B G M. 



Put O := O b . Then, by Proposition 2.3C, B = B Q and hence T = T c 



Since B is not closed under arbitrary intersections, we obtain, by Proposi- 



tion 2.3S , that (M.,0) is not a Poo-space. Clearly, the space (X, T) is a 
Poo-space because it is discrete. Observe that O is not a Tychonoff topology 
since Bo 7^ To- 



Example 2.42. Two more examples of Tychonoff-type, non Tychonoff 
topologies on some families Ai C V{X). 

Let X be a set with more than two elements. Let M. = J-in(X) \ {0} and 
let O = {{{x} : x € A} : A C X} U {M} U {0}. Then O is a topology on 
M. 

O is a topology of Tychonoff-type since 

O n P(X)+ = {{x} :x£l}U{I+}U {0} 
is a base for O. Clearly (Ad, O) is a Poo-space. 
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We have Bo = {{x} : x G A}U{A}U{0}, and therefore To is the discrete 
topology. By Proposition 2.22| , since Bo ^ To, O is not a Tychonoff topology 



on M. 

Observe that (M.,0) is not a To-space. In fact, the only neighbourhood 
of any F G hA such that \F\ > 2 is A4, and we are assuming |A| > 2. 

We consider now the natural family A4' = V(X) \ {0} and we define O 
as above. O is a Tychonoff- type topology on M 1 but it is not a Tychonoff 
topology. Again To is the discrete topology on A. Hence M! = CL((X, To)). 
We observe as before that (M',0) is not a To-space. Note also that the 
family Bo is "-closed for every natural family A4" in X which contains 
all two-points subsets of X and €" M" . 

We will briefly discuss now some topological properties of the hyperspaces 
(M,0) with Tychonoff- type topologies O. 

Fact 2.43. Let A" be a set, M C V(X) and O be a topology of Tychonoff- 
type on A4 generated by a subfamily B of V(X). Then: 

(a) the topological space (M.,0) is a To-space (resp., Ti-space) if and 
only if for any F, G G M with F ^ G, there exists a B E B such 
that either F Q B and G ^ B, or G C B and F B (resp., F C B 
and G ^ 5). 

(b) if for any cc G X and for any F £ A4 with x $ F, there exists a 
B & B such that F C B and x ^ B, then 0) is a To-space. 

Remark 2.44. Let us note that Fact |2.43| (b) implies the following assertion, 
which was mentioned in || , section 2 (after Lemma 3) (the requirement that 
X € Q has to be added there): if (X, T) is a regular Ti-space, A4 is a family 
consisting of closed subsets of (X, T) and B is a base of (X, T) such that 
B = B n and U G B implies that X \ U € B, then (M, Oq) is a To-space. 

Fact 2.45. Let (X,M,0) G \HT\. Then the correspondence (X, To) -» 
(A4,0), x i — > {x}, is a homeomorphic embedding. Hence, we have, in 
particular, that: 

(a) w(X,T ) < w(M,0); 

(b) if (A4, O) is a To-space then (X,To) is a To-space. 
Fact 2.46. 

(a) Let X be a set, A4 C V(X) be a family such that there exist F,G £ 
M with F C G and F ^ G, and let be a topology of Tychonoff- 
type on A4. Then (A4,C) is not a Ti-space. 

(b) If (X, M, O) G |WT| then (A4, O) is a Ti-space if and only if (X, T a ) 
is a Ti-space and M. = {{x} : x G X}. 

Fact 2.47. Let (X,M,0) G |WT|. Then (M,0) is a compact space if 
and only if any A^-cover of A, consisting of elements of Bo, has a finite 
A4-subcover. 
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Proof. It follows from Proposition 2.19, □ 



Examples 2.48. There are many examples of "very nice" spaces X with 
non-To-hyperspaces (A4,Oq) (see Examples |2.42 and |3,19|) . As an example 



of a non-To-space (X,T) with a To-hyperspace (M.,Ot), consider the two- 
points space X = {0, 1}, with T = M = {0, X}. 

There exist non-compact spaces X such that (CL(X),Os) is a compact 



non-To-space (e.g., the space (CL(IR),0g), described in Example 3.19 ). 

To get an example of a non-compact space X and a natural family A4 
such that (A4, Ob) is a compact To-space, consider X := M. with its natural 



topology, A4 := JFm2(M) U {R} and take B as in Example 3.19. 

As an example of a compact space (X, T) with a non-compact hyperspace 
(A4, Or), consider the unit interval X = [0, 1] with its natural topology and 
put M = {{x} : x G (0, 1]}. 

The next three propositions are generalizations of, respectively, Proposi- 
tions 1, 2 and 3 of fllCf ], and have proofs similar to those given in jHJ. (Let us 
note that in Proposition 2 of PJ the requirement "0 g" C" has to be added.) 



Proposition 2.49. Let (X,M,0) G \HT\, w{M,G) = N 0> (X,T ) 6e a 
T\-space, Bq be closed under countable unions and Ai contain all infinite 
countable closed subsets of (X,Tq). Then (X,7q) is a compact space. 

Proposition 2.50. Let (X,M,0) € \HT\ and M. Then d(M,0) = 
d{X,T ). 

Proposition 2.51. Let (X,M,0) G \UT\ and M. Then (M,0) has 
isolated points if and only if (X, To) has isolated points. 

3. On O-commutative spaces 

3.1. Let (X, T) be a topological space and A C X. Recall that A is said to 
be 2-combinatorially embedded in X (see if the closures in X of any two 
disjoint closed in A subsets of A are disjoint. 

Definition 3.2. Let [X,T) be a topological space, A C X and B C 'P(X). 
We will say that A is 2^-combinatorially embedded in X if for any F 6 CL(A) 

and for any U £ B with F Q U, there exists a V € £> such that -F C y 
andyn4C[/. 



Proposition 3.3. Lei (X,T) be a topological space and A C X. T/ien ^4 
is 2-combinatorially embedded in X if and only if A is 2q--combinatorially 
embedded in X. 

Proof. (=►) Let G CL(A), F G T and H C V. We put t/ = F n A and 
F = A\U. Then F and H are two disjoint closed subsets of A. Hence, 
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v X 

by assumption, they have disjoint closures in X, i.e. F D H = 0. Let 
W = X \ F X . Then W is open inX,W(lA = U = VnA and H X C W. 

(^=) Let F and G be two disjoint closed subsets of A. Put V = X \ G . 
Then V is open in X and F C V. Hence, by assumption, there exists an 
open set W such that F X C W and W n A C V n A. Let 17 = A \ G. 
Then Ex A ,xU = V. Hence VflA = [/ and If C V. We conclude that 

F X QW QV = X\G X , i.e. F* n = 0. □ 



Remark 3.4. In Example 3.22 below we will show that there exist spaces 
(X, T) , subspaces A of X and bases B of T such that A is 2g-combinatorially 
embedded in X but A is not 2-combinatorially embedded in X. 

Proposition 3.5. Let (X,T) be a T\-space, O be a topology of Tychonoff- 

type on CL(X) and A C X. Put B A = {U n A : U G £e>} (see Farf |f] 

for the notation Bq )■ The family Ba generates a topology of Tychonoff-type 

O a on CL(A). The function i A ,x : (CL(A),O a ) -» (CL(X),0), defined by 
x 

iA,x(F) := F , is inversely continuous (i.e. it is injective and its inverse, 
defined on %a,x (CL(A)), is a continuous function) if and only if the set A 
is 2i3 -combinatorially embedded in X. 

Proof. The family B := Bq is closed under finite intersections and X G B 



(see Fact 2.4). Hence the family Ba is closed under finite intersections and 
A G Ba- Therefore, by Corollary Ba generates a topology of Tychonoff- 
type O a on CL(A). 

The function i A ,x '■ {CL(A),Oa) — ► (CL(X),0) is clearly injective. De- 
note by g its inverse defined on iA,x(CL(A)), i.e. g : ia,x(CL(A)) — » CL(A). 

(=>) Let if G CL(A), U € B and H QU. Then H E. (U f] A)+ L(A) G A . 
j^- 

Since g(77 ) = if, the continuity of 3 implies that there exists & V £ B such 
that 

77 x c v and 5(^ C + L(X) n u,x(CL(A))) c (u n A)+. (A) . 

Then FniC{/nA. Indeed, let x € F n A. Since X is a Ti-space, we 
obtain that 

{x} G F c + w n u,x(CF(A)) and 5 ({x}) = {x}. 

Hence x £ U (1 A. So, A is 2g-combinatorially embedded in X. 

(<<=) Let F G u,x(CL(A)) and 5(F) = JF Then F = H X and 77 G CL(A). 
Let [/ G be such that H QU. Then there exists a F G B with FnA = f7. 
Hence H QV. Since A is 2g-combinatorially embedded in X, there exists 
aWeB such that F = ff X C If and f Hi C l^ni = (/. Then 
F G W^ (x) G O. We will show that 



9(W+ L(x) ni AiX (CL(A)))CU ( 



CL(A)- 
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Indeed, let K G CL{A), G = T( X and G C W. Then 5 (G) = if and 

K = GnAcwnAcvnA = u, 

i.e. if € Ug L > A y as we have to show. Hence, g is a continuous function. □ 



Corollary 3.6 (||, Theorem 2.1). If in Proposition 3.1 we take O to be the 
Tychonoff topology on CL(X) generated by (X, T) then the function za,x is 
inversely continuous if and only if A is 2-combinatorially embedded in X. 



Proof. It follows from Propositions pju 2.20 and BJi □ 



Corollary 3.7. Let (X,T) be a T^-space, A C X and O be a topology 
of Tychonoff -type on CL(X) generated by a subfamily of T. Let %a,x be 
inversely continuous (see Proposition \3. b\ for the notation ia,x)- Assume 
that the following condition is satisfied: 

(*) For any U G T and for all countable F G CL{A) such that \A\F\ > 
Ho and F C[/, there exists a V G Bq with F C V C U. 

Then the set A is sequentially closed. 



Proof. Put B := Bo- Then, by Proposition |2.24| , B C T '. Assume that the 
set A is not sequentially closed. Then there exists a sequence (x n ) nEul in A 
and a point x £ X\A such that lim n ^ 00 x n = x. Without loss of generality 
we can assume x n ^ x m for all n ^ m. 

Let us consider the sets F = {x2 n : n £ u} and G = {x2 n -i ■ n G uj}. Put 

U = X\G X . Then F is a countable closed subset oi A, \A\F\ >H , F C U 
and U G T. By (*), there exists a V G B such that F C 7 C [/. Since 
we are assuming that the function %ax is inversely continuous, we obtain, 



by Proposition 3.5, that the set A is 2g-combinatorially embedded in X. 
— 

Hence there exists a W G B such that F QW and W D A CV Pi A. Then 
x G W, because x G F . Since W G T and a; is a limit point of G, we have 
G PI W ^ 0. However this is a contradiction because 

iynicFnic[/ = i\G x , 

and hence G n W = 0. Therefore, ^4 is sequentially closed. □ 



Remark 3.8. In Example |3,22 below we will show that condition (*) of 
Corollary |3.7| is essential, i.e., if we omit it, then the set A could fail to be 
sequentially closed. 



Corollary 3.9 ([§, Corollary 2.3). Let (X,T) be a T 2 -space, ACX,Obe 
the Tychonoff topology on CL{X) generated by (X, T) and ia,X be inversely 
continuous (see Proposition \3.Q for the notation %a,x)- Then the set A is 
sequentially closed. 
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Proof. We have, by Proposition 2.2C, that Bo = T. Then condition (*) of 



Corollary 3.7 is trivially satisfied. Hence, by Corollary p/TJ, A is sequentially 



closed. □ 

Corollary 3.10. Let (X,T) be a sequential T2-space, A C X and O be a 
topology of Tychonoff-type on CL(X) generated by a subfamily ofT. Assume 
that condition (*) of Corollary \3. % i s satisfied. Then the following conditions 
are equivalent (see Proposition \3. £\ for the notation ia,x) : 

(a) ia,x is a homeomorphic embedding; 

(b) ia,x is inversely continuous; 

(c) A is closed in X . 

Proof. It is clear that (a) implies (b). The implication (c)=^(a) is true for 
any X, because if A is a closed subset of X then %a,x is the inclusion map. 
Let us show that (b) implies (c). By Corollary |3.7| , A is sequentially closed. 
Since X is a sequential space, we obtain that the set A is closed. □ 

Corollary 3.11 (Q, Corollary 2.4). Let (X, T) be a sequential T2-space, 
A C X and O be the Tychonoff topology on CL(X) generated by (X,T). 
Then the following conditions are equivalent (see Proposition |3.<5| for the 
notation %a,x )■' 

(a) iA,x is a homeomorphic embedding; 

(b) ia,x is inversely continuous; 

(c) A is closed in X. 

Definition 3.12. Let (X, T) be a topological space and let O be a topology 
of Tychonoff-type on CL(X). The space (X,T) is called O -commutative if 



for any A C X the function ia,X, defined in Proposition |3Jj, is a homeo- 
morphic embedding. 

When O is the Tychonoff topology on CL{X) generated by (X, T), the 
notion of "O-commutative space" coincides with the notion of 11 commutative 
space" , introduced in [0, [| . 

Corollary 3.13. Let (X,T) be a sequential T^-space, O be a topology of 
Tychonoff-type on CL(X) generated by a subfamily of T and let condition 
(*) of Corollary |3, % be satisfied for every subspace A of X. Then X is 
O-commutative if and only if X is discrete. 



Proof. It follows from Corollary 3.1C. □ 



Corollary 3.14 (||, Corollary 2.5). If X is a sequential T2-space then X 
is commutative if and only if X is discrete. 

Example 3.15. Let us show that there exist spaces X and topologies O of 
Tychonoff-type on CL(X) that are not Tychonoff topologies and that satisfy 



all hypothesis of Corollary 3.12 
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Let X = -D(Ki) be the discrete space of cardinality Ki. Let 

B = {AcX : \A\ <K }U{X} 

and A4 = CL(X). Then M. is a natural family on X, B is .M-closed, 
B n = B, X G B and B is a base for the discrete topology on X. Let 
Oq be the topology on M. generated by B. Then Ob is a topology of 
Tychonoff-type on A4, however it is not a Tychonoff topology. In fact, by 
Proposition 2.30| , B = Bq b - Hence Bq b ^ To B and, by Corollary 2.23 , O 



cannot be a Tychonoff topology. Obviously, B = Bq b satisfies condition (*) 
of Corollary |3.7| for any subspace A of X. 



Definition 3.16. Let (X, T) be a topological space and O be a topology 
of Tychonoff-type on CL(X). The space (X,T) is called O-HS-space if, for 



any 4CI, the function %a,Xi defined in Proposition 3.5, is continuous. 

When O is the Tychonoff topology on CL(X) generated by (X,T), the 
notion of "O-HS-space" coincides with the notion of "HS-space" , introduced 
in § 1- 

Corollary 3.17. Let (X, T) be a T\-space and O be a topology of Tychonoff- 
type on CL(X). Then X is an O- commutative space if and only if X is an 
O-HS-space and every subset A of X is 2b -combinatorially embedded in X. 

Proof. It follows from Proposition [T^. □ 

Corollary 3.18 (||, Corollary 2.2). A T\-space X is commutative if and 
only if X is an HS-space and every subspace of X is 2- combinatorially em- 
bedded in X . 



Proof. It follows from Corollary 3.17 and Proposition 3.3. □ 



Example 3.19. We will describe two Tychonoff-type, non Tychonoff topolo- 
gies on two different subfamilies of V(M) generated by the family B of all 
open intervals of R. One of the resulting spaces will be To and the other one 
will not. 

Let T be the natural topology on X := R. Then the family B of all 
open intervals in X is a base for T, it is closed under finite intersections 
and X G B. Put M := CL(X,T) and M' := Tin 2 {X). They are natural 
families. The family B is both .M'-closed and A^-closed. Indeed, let U C X 
be .M'-covered by a subfamily By of B. Then U G T and for every x,y € U 
there exists an open interval (a, (3) G Bjj containing the points x and y. 
Hence U is a connected open set in R, i.e. U G B. Therefore, B is an .M'- 



closed family. Since M 1 C we obtain, by Proposition 2.28, that B is an 
A^-closed family as well. 

By Corollary |2.9| , B generates Tychonoff-type topologies Ob on M. and 
G' B on M'. As it follows from Proposition I2T30I B 0b = B , = B / T. 



Hence, by Corollary [2.23 , Ob and 0' B are not Tychonoff topologies on Ai, 
respectively M! . 
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It is easy to see that {M! , 0' B ) is a To-space. Indeed, let {x, y} and {u, v} 
be two distinct elements in A4' . We can assume x<x+e<u<v for some 
e > 0. Consider the interval B = (x + e, +00). Then {u, v} G Bj^, but 

{x,y} 

Let's prove that (Ai, Ob) is not a To-space. Put F = {2k : k G Z} 
and G = {2k + 1 : k G Z}. Then F,G e M and F ^ G but the only 
neighbourhood of both i* 1 and G in ,A4 is Xj^ = Ai. 



Example 3.20. In the notations of Example 3,1S| , we will show that (R, T) 
is an O^-HS-space. 



We are working now with the space (M,O b ) from Example [3T9| . We will 
write simply O instead of Ob- 

Let AC. X. We have to show that the function 

i A ,x ■ (CL(A),O a ) -» (CL(X),0), 
where the topology Oa on CL(A) is generated by the family 

£a = {^4 n U : U G B}, 
is continuous (see Proposition |3^ for the notation i A) x)- Let B G B. We 
will show that i A x(^M) ^ s an °P en se t- Take an F G ^^^(i?^). Then 

—X 

F G CL(j4) and F CB. There exists an£€B such that 

(this is clear if F is bounded, since in this case F is compact; if F is 
unbounded below, but is bounded above, then B = (—00, (3), for some (3 G 
R, and we can pick E = (—00,7) with sup-F < 7 < /3; similarly if F is 
unbounded above but not below; if F is unbounded both above and below 
then we have B = M and we put E := B). Then 

Fe{E^A) + CL[A) Ci A ] x {B + M ). 
Indeed, let G e (E D A)^ L(A) . Then 

G X QE X C B, 

i.e. i A ,x{G) G Bj^. 

Remark 3.21. Let us note that a similar proof shows that every subspace Y 



of (R, T) is an Ob y -HS-space (see Examples 3.19 and 3.20 for the notations). 

More generally, let Y be a topological space and T> be a base of Y. We will 

say that Y is T> -normal if for every F G CL(Y) and for every D £ T> such 

— Y 

that F C. D there exists anfi £D with F C E Q E CD, Now, arguing as 



111 Example ^20| , we can prove that i/ Y is a V-normal space, T> = T> n and 



Y G T>, then Y is an O-HS-space, where O is the TychonojJ-type topology 
on CL(Y) generated by T>. This generalizes the result of M. Sekanina pi 
that any normal space is a HS-space. 
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Example 3.22. In the notations of Examples 3.19 and 3.2C| , we will show 



that the function ia,r is a homeomorphic embedding for any open interval 
A. 

We will argue for A = (0,1); the proof for any other open interval is 
similar. We know, by Example |3.20| , that the function %a,x is continu- 
ous. Therefore we only need to prove that iA x is inversely continuous. By 



Proposition 3.5, it is enough to show that the set A is 2g-combinatorially 



embedded in X. So, let H be a closed subset of (0, 1) and let B = (a, (3) £ B 
be such that H C B. We have to find a D G B such that H C D and 
D n (0, 1) C B. Clearly, H X C [0, 1]. If H X C (0, 1), we can take D = B. 
If G H X but 1 H X then a < and we can put D = (-1, /?). If 1 G ~H X 
but H X then /3 > 1 and we can put D = (a, 2). If 0, 1 G H X then a < 
and [3 > 1 and we put L> = (—1,2). Therefore, A is 2^-combinatorially 
embedded in (R, T) . 

Note that A is not 2-combinatorially embedded in (R, T). 

Observe that the triple ((R, T),A, O) satisfies all hypothesis of Corol- 



lary 3.7 except for condition (*), but A is not sequentially closed. 



Example 3.23. Let Y C R. We will say, as usual, that a point x G Y 
is isolated from the right (left) (in Y) if there exists an e > such that 
if we put U = (x,x + e) (U = {x — e,x)) then U fl Y = 0. Now, in the 
notations of Examples 3.19 and |3.20 , we have: a subspace Y of (R, T) is 
O b y -commutative if and only if every point ofY is either isolated from the 
right or from the left. 

We first show that a space Y that has a point yo which is non-isolated both 
from the left and from the right cannot be 0& Y -commutative. Indeed, put 
A = Y \ {yo}. We will prove that A is not 2g y -combinatorially embedded 



in Y. By Proposition 3.5, this will imply that the function %ay is not 
inversely continuous and hence the space Y will be not Og y -commutative. 
Let H = {y n : n G uj} be a decreasing sequence in Y converging to yo- Then 
H is a closed subset of A and H C (yo, +oo) n Y. Suppose that there exists 
B £ B such that clyR C B and B D A CI (y , +oo). Since y G cZyiT C B 
and yo is not isolated from the left, we have that (B (1 A) \ (yo, +oo) ^ 0, 
which is a contradiction. Hence, A is not 20 y -combinatorially embedded in 
Y. 

Now we will show that a space Y having only points which are isolated 
either from the left or from the right is Og y -commutative. Let A C Y. We 



know, by Remark |3.2l] , that the function %a,y is continuous. Hence it is 
enough to show that it is inversely continuous, i.e., according to Proposi- 
tion 3^, that A is 2 i g y -combinatorially embedded in Y. So, let H G CL(A) 



and let H C B n Y for some B = (a, /3). We have to find a D € B such that 

H Y C D fl Y and £> n A C £. We have c/y# CB X = [«, /?]. If c / y # C B, 
we can take D = B and we are done. If a G clyH and /3 clyB then a G 1" 
and a is not isolated from the right, being a limit point of H. Hence, by 
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the assumption, a is isolated from the left. Thus there exists a 7 < a such 
that (7, a) n Y = 0. Then D = (7, (3) is the required interval. The other 
two possible cases are treated analogously. 
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